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A B S T R A C T
Apparent power and reactive power are two critical quantities in energy flow studies 
in electrical power systems. Existing definitions for these terms work well when both volt­
ages and currents are sinusoidal with respect to  time. However, both apparent and reactive 
power have no physical meaning. When these physically unclarified quantities are applied 
to  non-sinusoidal systems, the following questions related to power flow remain not fully 
answered to  date. W hat do these quantities really mean? Is it fair to  bill customers based 
on the measurement of physically not meaningful quantities? W hat is the efficient way, 
both economical and technical, to compensate non-active power in power networks?
To answer the above mentioned questions, this thesis analyzes energy flow in nonlin­
ear circuits, clarifies and proposes new power quantities with physical interpretations that 
are practical and effective when voltages and /o r currents are non-sinusoidal. The suggested 
definitions are measurable quantities based on time-domain approach, and are useful in 
evaluating the power quality and efficiency in electrical systems. The measurement method 
and compensation with active filters are also discussed.
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Chapter 1
Introduction
W ith the increasing use of different types of static power electronic converters, wave­
form distortion in both voltage and current is becoming a m ajor concern to electric power 
utilities. These nonlinear loads inject harmonic currents into the power grid system and 
induce extra power loss on transmission lines, overheating power apparatus, and interfer­
ing with communication systems [1]. The resulting electrical “ pollution” , whether it is 
produced by large single-source or by the cumulative effect of many small loads, often prop­
agates for miles along distribution feeders and causes problems at points remote from the 
source. Moreover, polluting sources are frequently very sensitive to  pollution from other 
sources. Power electronic loads are both villains and victims from a  power quality point of 
view [2 ].
In addition to the traditional need of power factor improvement with regard to 
the efficiency of power transmission, a  new need for better quality of power emerged from 
the wide-spread use of nonlinear loads. In order to resolve the power quality issue, one
1
needs to verify various power components through decomposition. The essential difficulty 
is in the comprehension of power flow in electric circuits when the voltage and current are 
non-sinusoidal [3].
Attem pts of a  quantitative description of power flow in non-sinusoidal circuits have 
a long history and many different power quantities have been suggested [4] - [6 ]. Efforts 
have been made to define the “ reactive” and “ distortion” powers so tha t they can be 
measured and controlled to improve the power factor and quality of power. Fundamental 
approaches for defining power terms under non-sinusoidal condition are presented in two 
different domains: frequency-domain and time-domain.
The frequency-domain approach to non-sinusoidal systems is characteristic of the 
work by Budeanu [7], Rissik [8 ], Shepherd and Zand [9], Sharon [10] and many others 
[12] - [14]. In here, the periodic but non-sinusoidal variables are expanded in terms of 
Fourier series. The active, reactive, apparent and distortion power are then defined. But 
the physical meaning of these quantities under these definitions are not as clear as those 
demonstrated in sinusoidal circuits [9]. The main disadvantage of the Fourier analysis 
approach is th a t the method is conceptually and mathematically indirect and complicated. 
Often, the technique requires a large sum of functions to represent a waveform that is not 
possible in practice. From the measurement point of view, the method requires sophisticated 
instruments with built-in Fast Fourier Transform (FFT) capability.
The time-domain approach, on the other hand, is pioneered by Fryze [11], Kusters 
and Moore [15], and Page [16]. In here, the general current waveform is decomposed into the 
“ in-phase” and “ quadrature” components with reference to the source voltage. Articles 
[15] and [16] demonstrate that the time-domain approach is conceptually straightforward
3and all quantities discussed are readily measured by simple instrumentation. However, the 
interpretation of the introduced quantities in [16] need to be re-examined to reflect the 
effects of non-sinusoidal voltage source.
The objective of this thesis is to  undertake a  basic study in the time-domain for 
active and non-active power flow in non-sinusoidal systems. The study includes an appraisal 
of existing definitions of active, reactive and distortion powers, and introduces new power 
terms with physical interpretations. The purpose is to  establish a  basic understanding 
of reactive and apparent power so that a consensus can be reached on power definitions. 
These definitions can then be implemented by meter and control manufacturers for legal 
and economic issues with respect to billing consumers who pollute the network and for 
developing efficient compensation methods.
This thesis is divided into 6  chapters. The Introduction in Chapter 1 gives an 
overview of the thesis. A review of existing concepts of active, reactive, instantaneous 
and apparent powers in sinusoidal system with their practical usage will be presented in 
Chapter 2. Chapter 3 discusses power definitions in non-sinusoidal circuits based on the 
frequency-domain approach. The existing time-domain approach is presented in Chapter 
4 with an appraisal. A new alternative description of reactive and apparent powers with 
physical interpretation is then proposed and illustrated by examples. Chapter 5 discusses 
the measurement and compensation methods of the proposed quantities. Chapter 6  ends 
with a  conclusion on the accomplishments of this thesis.
Chapter 2
R eview  of Power Definitions in 
Sinusoidal Circuits
This chapter reviews the concept of power flow in linear and sinusoidal systems. The 
circuit used for illustration is an ideal single-phase, sinusoidal voltage source of constant 
frequency which supplies a  series load of resistance R  and inductance L, as shown in 
Figure 2.1.
 ‘M U
vft)
Figure 2.1: Series R-L circuit with sinusoidal voltage supply
4
5and
The instantaneous load voltage v ( t) and current i(t) are given by
v(i) =  i(t) R +  L ^ p -  = V 2 V  s in w t,  (2.1)
Oil
i(t) =  V 2 s in (w t — <fr) = V 2 1 s in (w t — <j>), (2 .2 )
Zi
where
\Z\ = y /&  + (w L ) \  (2.3)
<j> = (2.4)
w is the source angular frequency in rad /s. Note th a t (ft represents the phase shift between 
the voltage and current due to  the energy storage element of the circuit. Obviously, for an 
inductive load, 0° < <j> < 90° (i.e., the current lags the voltage). V  and I ,  represent the
rms values of the voltage and current, respectively. The rms value M  of any function of
time, m (i), is defined as
M = \ j f I o  m2^ dt" (2-5)
Figure 2.2 shows the voltage and current as given by equations (2.1) and (2.2) for (j) =  60°.
2.1 Instantaneous Power
The instantaneous power is defined as the product of instantaneous voltage and 
current:
6=  2  V I  s in w t sin(w t — <f>),
= V I  cos <j>( 1 — cos 2 wt) — V I  sin(f>sin2wt,
=  Pa +  P r • (2.6)
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Figure 2.2: Waveforms of voltage and current in sinusoidal circuit
Instantaneous power p  is the instantaneous rate  of energy transfer or energy u ti­
lization. This quantity satisfies the principle of Conservation of Energy, which is stated as 
follows: In any electric circuit, at any instant, the instantaneous rate o f energy transfer at 
the input terminals is equal to the sum o f the instantaneous rates o f energy transfer in the 
various load components.
Note tha t the instantaneous power has two terms as shown in equation (2.6). The 
first term  is interpreted as the instantaneous active power pa , which has a mean value of 
VIcos(f> and an alternating component with twice the line frequency. The fcerm pa never 
becomes negative and therefore, represents the unidirectional part of p. The second term , 
pr , may be interpreted as the instantaneous reactive part of p. This term  represents the
7bidirectional power a t twice the line frequency and zero average value. Figure 2.3 shows 
the instantaneous active, reactive and to tal power corresponding to  v(t) and i ( t ) in 
Figure 2.2.
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Figure 2.3: Instantaneous active, reactive and total powers in sinusoidal circuit
2.2 A ctive or Average Power
Active power is the net rate  of instantaneous energy transfer. For any circuit or 
element having instantaneous current i ( t) and voltage drop v(t), the average power P  is 
defined as
P  = f  j  P(0 *  =  f  JQ v ( t) i( t)d t.  (2.7)
It should be noted tha t the definition of average power is independent of the waveforms
of v(t) and i(t). For a linear circuit with sinusoidal voltage supply and current the active
power is
P  — V I  cos (f> — p = pa. (2.8)
8P  is also the average value of instantaneous active power pa. In any linear circuit, since 
— 90° < < / > <  +  90°, the sign of active power is always positive, which indicates th a t the 
active power always flows in one direction, i.e., from source to load. The active (average) 
power is also a real physical quantity and satisfies the Principle of Conservation of Energy.
2.3 R eactive Power
In linear circuits driven by sinusoidal sources, reactive power Q is defined as the 
peak value of the oscillating power component with no net transfer of energy and is caused 
entirely by energy storage components. Although Q does not contribute to the transfer of 
energy, it does constitute just as much a loading of the equipment as if it did.
Q = V I  sin  <f> =  m ax{pT). (2-9)
Reactive power, by this definition, is a  bidirectional quantity. For an inductive load, 
0° < <j> < 90°; hence, Q is positive. For a capacitive load, -9 0 °  < (j> < 0°; hence, Q is 
negative. Q reflects tha t part of the power transfered back and forth between the energy 
storage device and the power source. The travel of reactive power through transmission 
lines and power transformers will cause extra loading and heating. Hence, reactive power 
should be minimized for energy flow efficiency. Reactive power flow is measured by a  basic 
watt meter with a  phase-shifting circuit.
W ith above defined quantities, the relationships for instantaneous, active and reac­
tive powers may be represented as
p =  P  ( 1  — cos 2wt) — Q sin  2wt. (2 .10)
2.4 Apparent Power
The apparent power S  was introduced to give the same power value if alternating 
current and voltage could be treated as if they were constant as in a DC circuit. For this 
reason, S  is defined as the product of rms voltage and rms current. Mathematically,
S = \ l f J o  V { t ) 2 d t \ l f  J o  i ^ d t  =  V L  (2-U )
S  is also independent of the waveforms of v(i) and i(t), and may be written as a function 
of P  and Q as follows:
S  = y /p 2 +  Q2. (2.12)
Notice that S  =  P  is valid only if the load in the A C  circuit is a passive linear resistor, 
(i.e., </) = 0 and Q =  0). Therefore, S  is a  figure of merit representing the maximum 
energy transfer capability of a system. In practice, S  is also used for equipment rating.
2.5 Pow er Factor
Power factor is defined to  represent the energy transfer efficiency in electrical networks 
and is used by power companies as a penalty index for billing purposes. Mathematically the 
power factor is defined as the ratio of the average power entering the circuit to  the apparent 
power, that is
P F  = ^  = Y J S ^ ±  = eos</>, (2.13)
Since both P and S are independent of current and voltage waveforms, power factor is also 
independent of current and voltage waveforms.
Chapter 3
Power Definitions in 
Non-sinusoidal Circuits — 
Frequency Dom ain
Power studies in frequency domain are based on Fourier analysis and are develop­
ments of the early conceptions [7], [8 ], [10]. The main results of this approach are summa­
rized in a book by Shepherd and Zand [9]. Fourier analysis has become a dominant tool 
for non-sinusoidal circuits studies. The definitions of various types of powers found in the 
current IEEE Standard Dictionary o f Electrical and Electronics Terms (IEEE Std. 100-88) 
are the results of Fourier analysis. However, with the exceptions of instantaneous power 
and active power, all remaining kinds of powers are debatable to date [5].
This chapter discusses the basic definitions which have been established in nonlinear 
circuit analysis. Comments on the frequency-domain approach are given at the end of this
10
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chapter.
3.1 System  w ith  N on-sinusoidal V oltage and Current
In general, any periodic, non-sinusoidal function that is absolutely integrable can be 
resolved into Fourier Series. Therefore, a non-sinusoidal source of voltage of instantaneous 
value v(t) may be written as:
N  N
U(*) =  Vn(*) =  ^  X )  Vn s i n (n w i  +  On) (3.1)
n = l  n —1
where Vn is the rms value of the nth harmonic voltage and 6n is the phase angle of nth 
harmonic frequency with respect to the fundamental frequency. The order n  is made up 
of odd numbers only due to the symmetry of the voltage generated. N  denotes the upper 
limit of the harmonic order under considerations.
The physical meaning of such representation is tha t a non-sinusoidal supply voltage 
is equivalent to  a linear sum of a series of sinusoidal voltages, each with an integer multiple 
of the fundamental frequency.
The general expression of current may also be written as:
N  N
*(0  =  X  in W  = s i n (n w t  + 0n -  (3.2)
n = l  n = l
where /„  is the rms value of the nth harmonic current, <f>n is the phase angle between the 
nth harmonic current and corresponding harmonic voltage. In nonlinear loads, <j>n spans 
over the entire range (0° — 360°), while in linear loads, -9 0 °  <  <f>n < 90°.
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3.1 .1  In stan tan eou s Pow er
At any instant, the rate of energy flow in a circuit with a periodic non-sinusoidal 
supply voltage and current is given by:
N  TV
p{i) = v{t) i(t) = Y ,  vn{i ) *»(*)
71=1 71=1
N  N
= 2  Y ,  Y 1  ^ n s^n{nw  ^+  9n)In sin (nw t 4 - 6n -(- <j>n)
n = l  n = l
N  N
= E V n 'n  cos<j>n[l -  cos(2nwt +  29n)\ — Y ,  VnI nsin^)nsin(2nw t 26n)
71=1 71=1
+  Y  VnIm{cos[(n -  m )w t +  (0 n -  0m) -  <£„] -  cos[(n +  m )w t +  (0n + 0m) +  <t>n]}
71^771
=  P a+ P r+ P d • (3.3)
Equation (3.3) indicates the following: (i) The Principle of Superposition does not apply 
to the instantaneous power. This is because the instantaneous power is proportional to the 
square of the current and, therefore, not a linear function, (ii) The instantaneous power 
fluctuates with frequencies equal to the sum and difference of the frequencies of the current 
and voltage components. Thus, while a  voltage component of frequency n  times the supply 
frequency causes only a current of the same frequency to flow, the instantaneous transfer 
of energy is not limited to the products of like frequency voltage and current components, 
but contains cross-frequency products as well.
The three terms in equation (3.3), are referred to as instantaneous active power pa, 
reactive power pr, and distortion power pd- 
where
N
Pa =  Y  VnIncos<i>n [l -  cos(2nwt +  2 0 n)], (3.4)
n = l
13
N
Pr — — E VnInsin<f>nsin(2nw t +  2 0n), (3.5)
n = 1
and
Pd = E  K Jm {cos[(n -m )u rf +  (0n - 0 m) - 0 n]-cos[(7 i +  m)w< +  (0n +  0 7 n) +  <0n]}. (3.6) 
n j&m
3.1 .2  A c tiv e  or A verage Pow er
By definition, the average power P  is the net rate of energy flow. P  is expressed as 
follows:
is the nth harmonic active power. When compared with equation (3.3), one can see tha t of
frequencies contribute to  the net energy flow. This means tha t a nonzero time-average
same frequency. By the definitions given to  the instantaneous power (3.3), the active power 
is also the average value of the instantaneous active power.
3.1 .3  R ea ctiv e  Pow er
The reactive power in non-sinusoidal system is defined as [7]-[9]:
N
Q = YL VnlnSin <f>n. (3.9)
71=0
(3.7)
where
Pn — (3.8)
all terms of instantaneous power with different frequencies, only the terms with the same
power can only be transfered by the combination of voltage and current components of the
14
Here, the definition of reactive power only gives the mathematically symmetric form with 
reference to the active power, and it seems to  be a logical extension from the sinusoidal 
case. However, Q can not be interpreted as the peak value of the power component that 
flows back and forth between the source and load.
3 .1 .4  A pp arent Pow er
Apparent power is the figure of merit defining the maximum energy transfer capability 
of a system. It is defined the same as the definition given in Chapter 2 ,
Equation (3.10) indicates th a t every frequency component of the supply voltage is separately 
combined with every frequency component of the supply current. It is obvious tha t
3.1 .5  D isto r tio n  Pow er
In order to  balance equation (3.12), a  new quantity called “ distortion power” is 
introduced:
N  N
s = s ( £K2)(£®  = ^ -
'  n = l  n = l
(3.10)
N
(3.11)
and it is also true that
(3.12)
D = y / S * - F * - Q * =  f a  V * I l  +  V*I* -  2VnVmInI mcos(<t>n -<f>m). (3.13)
y
15
It is im portant to note tha t, when the supply voltage is non-sinusoidal, instantaneous power, 
apparent power and distortion power all contain terms that involve cross-frequency prod­
ucts. W hereas, the average power and reactive power contains terms tha t only involve 
like-frequency products of voltage and current.
3.1 .6  Pow er Factor
Power factor P F  is the ratio between the average power P  and apparent power S. 
For nonlinear systems, this is given by
The expression for load power factor cannot be conveniently split into smaller terms. Fur­
thermore, both reactive and distortion power need to be compensated in non-sinusoidal 
systems to  improve power factor.
3 .1 .7  N u m erica l E xam p le
The following example illustrates the above definitions through a system with RL 
load supplied by a  non-sinusoidal voltage source. As shown in Figure 3.1, where the non- 
sinusoidal voltage contains only two harmonic components for simplicity.
E n = l InVnCOS<f>n (3.14)
v (t) =  V^Vi sinw t + V2V5sin(5wt -f- 6).
The circuit current is
i(t) =  V 2 I\s in (w t — (j>\) +  V2 Issin{bwt +  8 — <j>5),
16
R
Figure 3.1: Series R-L circuit with non-sinusoidal voltage supply
where <f>i and <f>5  are positive (<  90°) due to  the inductive load. The instantaneous voltage 
and current are shown in Figure 3.2 for Vi =  200 V, V5  =  100 V, R  = 4 fl, and L = 
0.0265 H . The instantaneous power is given by
C
Q)k_k-3
o
-oc
CD
0)O)
3"o>
CO3O
0)c
3c
3tf)c
lljfl _
-10
-20
-30
-40
-50
0 50 100 150 200 250 300 350 400
Omega-T (degree)
Figure 3.2: Waveforms of voltage and current in non-sinusoidal circuit
p(t) = v(t)i(t)  = V!(t)ii(t) +  w1 ( t)t5 (t) +  v5 (t) ii( t)  +  v5(t)i5(t)
17
=  2V\I\s inw tsin(w t — <f> i)  +  2V\I*,sinwtsin(bwt +  8 — <j> 5) 
-\-2V$I\sin{bwt +  8)sin(wt -  <j> 1 ) 
+2Vshsin{bwt + 85)sin(bwt + 8 -  <j>5 ) 
=  Vi/xco5 0 i ( l  — cos2w t) +  V5I5cos<f>5( 1  -  cos(1 0 wt +  28) 
-Vilisin<f>\sin2wt — VsIssinfesin^lQwt  +  28)
-\-2V\I$sinwtsin(bwt +  8 — ^ 5 ) +  2VsIisin(bwt -f 8)sin(wt -  4>\), (3.15) 
Figure 3.3 shows the instantaneous powers for this example. The average power and reactive
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Figure 3.3: Waveforms of instantaneous active, reactive, distortion and to tal power 
power is simply calculated by
P  = Pi +  -P5 =  V\I\cos<j)\ +  V5I scos<f> 5.
Q = Qi + Qs =  V ih s in fa  +  V5I5sin(f>5.
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Therefore, the apparent and distortion powers are
5  =  y /V *P  = y /V 2I 2 + V 2I 2 + V 2I 2 + V g l l
and
D  =  y /S 2 -  P 2 -  Q2
=  y j v 2l l  +  V 2I 2 -  2V1V5I1I 5cos(<f>1 -  05). (3.16)
The relative contributions of the like-frequency and cross frequency term s cannot 
be determined without a knowledge of the rms voltages and currents.
3.2 S ystem s w ith  Sinusoidal V oltage and N onlinear Load
A system with nonlinear load and a sinusoidal voltage source is considered as a 
special case of the above section. The definitions are the same while their mathematical 
representations are simplified.
W hen the voltage is sinusoidal, it contains only the fundamental frequency as in 
equation (2.1). However, due to the nonlinear load, the current is non-sinusoidal and its 
expression in term s of Fourier series is the same as equation (3.2).
The instantaneous power and its active, reactive, and distortion components are
p(t) = v(t) i(t)
=  P a + P r  +  Pd
= V  I\  cos(j>\( 1 — cos2wt) -  V  I\  sin(j>\sin2wt
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N
+ V  E  I n {cos[(n -  1  )wt +  <j>n\ -  cos[(ra +  1  )wt +  <?!>„]}, (3.17)
n > l
where pa and pT contain only the fundamental component, what they have in sinusoidal 
system.
Similarly, the active, reactive, distortion and apparent powers are simplified as fol­
lows:
P  = T  Jo *’(*) ®(0
V  I\ cos <f>\,
= Pi, (3.18)
Q =  V  I\  sin(j>i,
S  = V I = V .
N
E H
n = 1
N
and the power factor is
d 2 =  s2 -  p2 -  g2 = I 2,
n = 2
n r , P  h  COS <f>\
P F = s  = — l —
(3.19)
(3.20)
(3.21)
(3.22)
although the reactive power has the same format as in linear circuits, the compensation of 
distortion power D must be considered to  improve the power factor.
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3.3 C om m ents on Frequency D om ain A pproach
Although Fourier analysis can be applied to any periodic waveforms this approach 
has some basic disadvantages. First of all, this m ethod is conceptually and mathematically 
indirect and complicated [16]. Decomposing waveforms into harmonics requires a large sum 
of terms to  accurately describe the waveform. This in turn requires a  rather burdensome 
computation. Second, from the measurement point of view, Fourier analysis requires so­
phisticated instruments with built-in Fast Fourier Transform (FFT) capability. Third, the 
way Fourier analysis describes the power terms does not give clear physical meanings for 
the reactive and distortion powers. As discussed in this chapter, the definition of reactive 
and distortion power in frequency domain only gives the mathematical convenience and it 
does not lead to a physical explanation nor to optimal compensation. From the compen­
sation point of view, since both reactive and distortion power have to  be compensated, it 
is not necessary to separate these two physically meaningless terms. Trying to  separate 
reactive and/or distortion power for measurement and compensation is neither efficient nor 
economically right since an active power filter (APF) is able to cancel the whole non-active 
power as long as it is mathematically defined and measured.
For years, further work on this approach has been focused on the decomposition 
of “ non-active pow er” , which is the residual term  remaining in the apparent power after 
the active power components have been extracted [3], [17], [18]. Various' considerations and 
measurement methods are proposed. However, besides their complexity due to its indirect 
conception and mathematical description, there is still no acceptable definition of reactive 
and/or distortion power [5].
Chapter 4
Power Definitions in 
Non-sinusoidal Circuits - T im e  
Dom ain
Time-domain analysis is an alternative approach for defining power terms in non- 
sinusoidal situations. In this approach, the concepts of “ in-phase” and “ quadrature” 
current components, which have been used in sinusoidal case with success, are general­
ized. Unlike frequency-domain analysis, this method is conceptually and mathematically 
straightforward, and often leads to simple instrumentation. Therefore, it is very attractive. 
However, the theory itself is not fully established due to the lack of physical meaning for 
reactive and apparent power. This chapter reviews and re-examines the existing definitions 
of power terms, and proposes new quantities to enhance the physical interpretations and 
measurements for reactive and apparent powers in the time-domain.
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4.1 E xisting D efinitions
The basic concepts of time-domain analysis in non-sinusoidal situations can be sum­
marized as follows: Any current i(t) can be divided into two mutually orthogonal compo­
nents; an active component ia(t) which is in time-phase with the supply voltage v(t), and a
reactive component ir(t) which is in quadrature with the voltage. In m athematical terms:
i ( t) =  ia(t) +  ir(t), (4.1)
where
ia(t) = G v( t)  (4.2)
where G  is a constant coefficient representing the equivalent conductivity of the circuit. 
This is equal to  state tha t the active component ia(t) flows through a  resistance which 
consumes the entire active power P  supplied. The mathematical form of this statement is
P  =  ^  [  v{t)ia{t)dt =  T  Jo v{t)2dt = GV2’ (4’3)
where V  is the rms value of the voltage. Equation (4.3) yields
O  =  (4.4)
On the other hand, the general definition of active power
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when combined with equations (4.1) and (4.2) gives
/  ia(t)ir (t)dt = 0. (4.6)
J o
Hence, ia(t) and iT(t) are orthogonal, and this orthogonality yields
I 2 = I 2 +  I 2 (4.7)
where I ,  I a, I r are rms values of total, active and reactive current, respectively.
The instantaneous power can then be expressed as
p(t) = v(t) i(t) = v(t) (ia( t) +  ir (t)) =  pa(t) +  pr(t), (4.8)
and the average power can be rewritten as
P  = V I a. (4.9)
Reactive power is defined as [16]
Q = V I r ,  (4.10)
but since
T  Jo V(t ) i r(i ) dt =  0> (4A1)
Q is interpreted as the reactive power component with no net energy transfer, just as in
sinusoidal systems. Further more, apparent power, active and reactive power have the same
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relationship as in the sinusoidal case, i.e.,
S 2 = V 2 I 2 =  P 2 +  Q2. (4.12)
Due to  its straightforward conception and easy instrumentation this approach is very a t­
tractive. However, unlike the sinusoidal case, the definition of reactive power in (4.10) is not 
the peak value of instantaneous reactive power pr . As a consequence, questions regarding 
the meaning of Q, and hence, S  emerge. The next section of this chapter proposes new 
quantities to  explain these unknowns.
4.2 P roposed  Terms for P hysical Interpretations o f A pparent 
and R eactive Powers
The concepts of electrical power originated in DC circuits. When a  DC voltage 
is applied across a resistor R, a current I  passes through R  and its quantity is defined 
according to  Ohm's law V  = R I .  The power is defined by the rate  at which the resister 
R consumes energy,
P  = V I = ^ -  = I 2 R  (4.13)
There exists no reactive power in a  DC circuit, Q =  0, and S  =  P.
In an AC circuit, the relations among P, Q , S , V  and I  are given in (4.9), (4.10) 
and (4.12). The meaning of the current component I a is rather clear - it is the current in a 
resistive load which consumes power P  when voltage V  is applied to it. The “ quadrature” 
component I r does not contribute to the net transmission of energy, but its rms value is
non zero:
^  =  f  ■ (4-14)
Therefore, Q may be interpreted as the amount of energy contributed by a  equivalent
current iq{t), which has the same rms value as tha t of ir{t), but in time phase with the
supply voltage v(t). Mathematically,
i ,(<) =  .Tr ( ^ 2 )  =  $ ( ^ )  = £ •* « )■  (4-15)
the corresponding “ instantaneous reactive power ” may be written as
q(t) = v(t) iq(t) =  Q (4.16)
Similarly, we introduce “ instantaneous apparent current” and “ instantaneous apparent 
power” to  reflect the power transmission efficiency at any instant of time t. By definition 
of apparent power, the instantaneous apparent current is(t) shall have the same rms value 
as th a t the to ta l source current i(t) and shall be in time-phase with the source voltage v(t), 
th a t is,
i.(t) =  / ( ^ )  =  |  =  ^ . ( 1 ) ,  (4.17)
and the corresponding instantaneous apparent power may be written as
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Therefore, the resulting instantaneous power factor can be defined as
where pa(t) =  v(t) ia(t) is the instantaneous active power. By the above definitions, it is 
easy to  show that
Q = f f % t d t ,  (4.20)
1 T
S  = -  jT s(t)dt, (4.21)
and most importantly,
=  Pitt)  + 92(*)- (4-22)
The above quantities are introduced to  enhance the physical meanings of active, reactive, 
and apparent power. They can be used in both sinusoidal and non-sinusoidal situations, as 
illustrated by the numerical examples tha t follow. When used in non-sinusoidal systems, 
these quantities give a clear physical interpretation of power flow at both steady state and 
transient conditions.
4.3 N um erical Exam ples
4.3 .1  L inear C ircu it w ith  S inusoidal Supply  V oltage
The same circuit as shown in Figure 2.1 is reused for illustration purpose. The active
current component is
*«(0 =
p
— y/2 — sin wt, 
= V2Ia sin wt,
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(4.23)
where I a =  y  is the rms value of the active current.
The reactive current which contribute to the power oscillation with no net transfer of energy 
is computed by
ir{t) =  i ( t) -  ia(f), 
r Q— - v 2  — cos wt,
— —\ / 2 I r coswt. (4.24) 
Since ia(t) and ir(t) are mutually orthogonal
I 2  =  ( | | | ) 2  =  ^  +  / r2. (4.25)
The new proposed equivalent reactive current iq(t), which contribute to the reactive energy, 
is defined by
iq(t) = y /2 Ir s in w t.  (4.26)
Note tha t iq{t) has the same rms value as ir(t), and “ in phase” with the supply voltage. 
The newly defined apparent current i s(t) is the quantity which has the same rms value as 
total current i(t) and “ in phase” to the supply voltage:
i s(t) = y/2 s inw t  =  \ / 2 J s in w t.  (4.27)
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The instantaneous powers are then calculated as follows:
pa(t) = v(t) ia(t) =  2 V I c o s  (f> s in2wt, (4.28)
q(t) =  v(t) iq( t) =  2 V I  sin<f>sin2  wt, (4.29)
and
s ( t) =  v(t) i s( t) = 2 V I s i n 2wt =  y/pl(t)  +  q2(t). (4.30)
the average values o i p a(t), q(t) and s(t) are
1  r2*
—  I pa(t) d wt = V I  cos <f> = P, (4.31) 
27t J o
I t 2*
—  /  q{t) dw t  = V I  sin<j> =  Q, (4.32) 
27r Jo
and
r 2 i r
* s ( t )d w t  = V I  =  a /p 2  +  g 2  =  5. (4.33)
27T Jo v
Note that these quantities are the same as the conventional definition, but now Q and S  
are attached to  a physical meaning.
The instantaneous values of voltage, currents and powers as discussed above, are 
shown in Figure 4.1 and Figure 4.2 for the following values: V  = 120(F), w =  377(rad/s),  
L = 0.2226(H ),  and R  =  lOO(fl).
The corresponding power factor can be corrected to unity by using a shunt capacitor.
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Figure 4.1: Waveforms of voltage and active, reactive, apparent and total current in linear 
sinusoidal circuit
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Figure 4.2: Waveforms of active, reactive, apparent and to tal powers in linear sinusoidal 
circuit
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Figure 4.3: Single-phase AC chopper with sinusoidal voltage supply.
The value of this capacitance is determined by
n  _  V  sintj)
""Hip
where <f>, w, and Z  are circuit parameters independent of C .
4 .3 .2  N on lin ear C ircu it w ith  S inusoidal S u p p ly  V oltage
When an ideal voltage supply of instantaneous value v{t) is connected to a nonlinear 
load, the instantaneous source current i(t) is periodic but non-sinusoidal. One popular 
nonlinear circuit is the single-phase AC chopper with a resistive load as shown in Figure 
4.3. The load voltage in the circuit can be adjusted by controlling the firing of a pair of 
thyristors connected in inverse-parallel. For symmetrical phase angle triggering, only one 
of the two thyristors can conduct at any instant. Let the circuit be supplied by a  sinusoidal 
voltage
v(t) =  s in w t.  (4.35)
(4.34)
Let the thyristor firing angle set a t a  radians with respect to the zero crossing of v(t), then 
the instantaneous source current i ( t ) can be defined by
i(t) =
sin wt, a <  w t < i r ,  or a  + x < w t < 2 T r
0 , 0  < wt < a, or 7r < wt < a  +  tt.
The average power delivered to the load is a function of a,  and can be written as
P  = — f  v(t) i(t) d (wt)
7T Ja
V 2
7T R
[7r — a  +  sin a  cos a]. (4.36)
The instantaneous active and reactive currents can then be defined as
P  r  V  ria(t) =  y 2 ^ ( 0  =  -  ot +  sin a cos a] s in w t  = v 2  I a s in w t,  (4-37)
ir(t) = i(t) -  ia(t) =
V 2 ( ^  — y )  s in w t,  a  < wt < n, or a  + i r < w t < 2 /K 
—ia( t), 0 < wt < a, or tt < wt  <  a  +  7r.
In order to define the instantaneous equivalent reactive current iq(t), and apparent current 
ia(t), the rms value of to tal current i(t) and non-active current ir(t) must be found. The 
rms value of total current i(t) is computed by
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and due to orthogonality,
Ir = y / p - P a
[~y2  ^ y2
=  \ — — a  + s i n a c o s a )  TTPr(7r — a  +  sin a cos a )2. (4.39)
V 7r  i f ' 1 7T R
Finally, the instantaneous equivalent reactive current and apparent current can be calcu­
lated:
iq(t) =  V 2 I r s in w t ,  (4.40)
and
is(t) = V 2 I  s in w t .  (4.41)
The waveforms of these currents aTe shown in Figure 4.4 for a firing angle a  =  60°.
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Figure 4.4: Waveforms of voltage and active, reactive, apparent and total current in chopper 
circuit
Note that the instantaneous currents ia(i), and is(2 ) are in time phase with the
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supply voltage, as expected. The rms values of these currents have the following relationship:
I 2 =  I 2 = I 2 + 12 = I 2 + I 2. (4.42)
In reality, the reactive current ir( t) has to be compensated in order to improve the power 
quality, reduce the line loss and increase the efficiency of power transmission. This current, 
however, can not be compensated by introducing a shunt capacitor because the current is 
generally distorted. Compensation can be effective, however, by applying an active filter 
which injects equal-but-opposite distortion into the circuit, thereby cancelling the original 
distortion current. A general discussion of active filters will be given in chapter 5.
The new proposed instantaneous powers in the circuit of Figure 4.3 are:
Pa(t) = v ( t ) ia(t) = 2 V Iasin2wt, (4-43)
q(t) =  v ( t ) iq(t) = 2 V Irsin2wt, (4.44)
and
s(t) =  v(t) is(t) = 2 V Is in 2wt. (4.45)
Therefore, the relationship among s(t), pa(t) and q{i) given by equation (4.23) still holds. 
The average values of pa(t), q(t) and s(f), namely, P, Q, and S, are
P  = — f  2V I asin2w td w t  = V I a, (4.46)
7T Jo
Q  =  — f  2VIrs in2w td w t  =  V Ir , (4-47)
7T Jo
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and
S  = — f  2 V I s in 2w td w t  = V I .  
7T Jo (4.48)
Hence,
S 2 = P 2 + Q2 = V 2J2. (4.49)
By combining equations (4.43), (4.45), (4.46) and (4.48), it is easy to see th a t the instan­
taneous power factor is equivalent to  the conventionally defined power factor in sinusoidal 
systems as well as in non-sinusoidal systems, is equal to
p f( t )  = P F  — — \ / —(ir — a  +  sina  cosa)
1 V 7T
(4.50)
The compensation of power factor depends on the compensation of non-active current as 
mentioned above. The instantaneous values of powers discussed at firing angle a  =  60° are 
shown in Figure 4.5
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Figure 4.5: Waveforms of active, reactive, apparent and total powers in non-sinusoidal 
circuit
Chapter 5
Power M easurem ent and 
Com pensation in Non-sinusoidal 
System s
W ith the new physical interpretations for reactive and apparent power, efficient- 
measuring instruments and techniques should be developed to deline the power quality and 
energy transfer efficiency for billing or compensation purposes. This chapter discusses the 
measurement of the proposed power terms and compensation by means of active filters.
5.1 M easurem ent o f P roposed  Currents and Pow ers
In non-sinusoidal systems, traditional induction-type meters introduce considerable errors
[19], [24]; hence, new measurement methods need to be considered. The measurement of
35
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the proposed instantaneous powers can be illustrated with a block diagram as shown in 
Figure 5.1.
S  ..... .........  >
Voltage
Source
v J
V
RMS APF
Current 
Analyzer
Integrator
Integrator
Integrator
Passive
Load
n
PF
Figure 5.1: Block diagram of instantaneous power and current measurement
The instantaneous values of voltage v(t) and current i ( t ) are picked by a  potential 
transformer (VT) and a  current transform er (CT). These instantaneous values are then 
fed into a current analyzer where the current i(t) is decomposed into its active component 
ia(t) and reactive component iT(t) according to equations (4.1) and (4.2). The rms values 
of both components are then used to  calculate the equivalent reactive current ig(t) and 
apparent current i3(t) as defined by equations (4.15) and (4.17). There is a  to tal of four 
instantaneous current outputs from the current analyzer: the active, equivalent reactive and 
apparent current (io(0 » *s( )^> an^ respectively) are sent to a multiplier where these 
currents are multiplied by the instantaneous voltage v(t) to create the instantaneous active,
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reactive and apparent powers pa(t), q(t), and s(t) as defined by equations (4.8), (4.16) and 
(4.18). The instantaneous powers can be sent to an integrator to calculate P, Q , S', and PF ,  
i.e., the average active, reactive, apparent power, and power factor according to equations 
(4.20), (4.21), (4.22) and (4.19).
For compensation purposes, the non-active current iT is sent back to  the circuit 
through a inverter for 180° phase shifting. Further discussion of compensation by means of 
active filters is given in the next section.
The proposed measurement m ethod enables the identification of two power proper­
ties of a system at a specified terminal if only the instantaneous values of the voltage and 
current at this terminal are accessible for measurement.
5.2 C om pensation  o f  N onlinear Loads w ith  A ctive F ilters
The concept of active compensators for power factor improvement in systems with non­
linear loads was presented in the late 1960’s [20], [21]. In the time-domain approach, the 
instantaneous line current supplying a nonlinear load can be decomposed to  active and 
reactive components as given by (4.1). If a compensating device connected in parallel with 
the nonlinear load supplies an instantaneous current
ic(t) = ~ i r( t) (5.1)
then the to tal line current, according to  the Kirchhoff’s current law, is equal to the active 
component:
i t( t) =  i(t) +  ic(t)
= i a ( t )  + i r ( t )  +  i c ( t ) 
=
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(5.2)
Technically, compensation in the time-domain is based on the principle of holding 
the instantaneous current within some reasonable tolerance to a desired reference sine wave. 
An instantaneous error function is computed by subtracting the actual waveform from the 
reference waveform. The error function is then sent to  an active filter. The basic components 
of an active filter include an inverter and a DC source which receives its power from the 
AC power system.
The function of an APF is to  produce a precisely chopped waveform to correct 
a distorted current. Depending upon the APF power ratings and switching frequencies, 
transistors such as bipolar junction transistors (BJT), silicon-controlled rectifiers (SCR) or 
gate-turnoff thyristors (GTO) are frequently used [2 2 ].
The most commonly proposed time domain compensation technique is the hysteresis 
method [22]. Figure 5.2 shows a current type APF connected in parallel with a nonlinear 
load. In order to provide a virtually constant current, I t , , the inductance value is chosen to 
be large. Once the current I I  is built up, its small fluctuations can be corrected by gating 
the approaprite switches during the positive or negative half cycle of the source voltage, 
v(t). Because of the inductance in the power line and load, a  capacitor is required to provide 
a path for the current, I i ,  immediately after gating a pair of switches. The switching action 
of the APF gives three cases for the currents and I oui. If switch pair 1 and 2 are ON, 
then = I I ,  and Iout =  0. If switch pair 3 and 4 are ON, then I out =  I I ,  and = 0. 
If switch pair 2 and 4 are ON, then =  I out =  0, and freewheeling of I I  occurs.
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Figure 5.2: System diagram of nonlinear circuit with current-type APF
The control of these gating cases uses the hysteresis method with a three-state 
switching function. Under this method, preset upper and lower tolerance limits are com­
pared to the extracted error signal, i.e., the
ir(t) = i(t) -  ia(t). (5.3)
First, the load current is sensed for one cycle and the active component, ia(t), is calculated. 
The active current is the reference current that the source current, i(t), should follow. 
During the next cycle, the source current is sampled, and at each sampling instant, it 
is subtracted from the active current. The resulting instantaneous error current, ir(t), 
is compared to the preset upper and lower tolerance limits (TL). The hysteresis control
illustrated by Figure 5.3 chooses one of the following switching modes:
1) If ir ( t) > T L , gate switch pair 1 and 2 to ON.
2) If iT(t) < T L ,  gate switch pair 3 and 4 to ON.
3) If — T L  < ir(t) < T L ,  gate switch pair 2 and 4 to ON.
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Figure 5.3: Time domain compensation using hysteresis method with three-state switching 
function.
Chapter 6
Conclusions
This thesis reviewed power definitions and their physical interpretations in sinu­
soidal situations. It also reviewed and discussed existing results of power studies in both 
frequency- domain and time-domain approaches in non-sinusoidal systems. The main dis­
advantage of the frequency-domain approach is its complexity and indirectness in concepts 
and mathematics. The application of this m ethod requires sophisticated instruments. The 
time-domain approach, on the other hand, is characterized as a method which is not only 
conceptually straightforward but also practically simple for measurement. Unfortunately, 
the theory itself is not fully established. Both methods do not give clear physical interpre­
tations to reactive and apparent powers which are key quantities in power quality studies 
and power transfer efficiency studies.
Through analyzing energy flow in non-sinusoidal circuits, it is found that:
1) In order to give physical interpretations to  apparent and reactive powers, new quantities: 
iq, the instantaneous reactive current; q, the instantaneous reactive power; i3, the instan­
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taneous apparent current; s,-, the instantaneous apparent power; and p f ,  the instantaneous 
power factor are introduced with mathematical representations and physical interpretations. 
These quantities can be used not only in steady state  but transient analysis as well.
2) All instantaneous components of current and power are measurable with relatively 
simple instrumentation. W ith the physical explanation of reactive and apparent powers, 
these quantities should be used for billing purposes with fairness to both parties involved. 
Compensation of network distortion caused by load nonlinearity can be done by using an 
APF which injects equal-but- opposite distortion.
3) From both the detection and compensation point of view, the time domain ap­
proach is effective, efficient and economical.
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